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We show that for a C°° stable map of an oriented 4-manifold into a 3-manifold, the 
algebraic number of singular fibers of a specific type coincides with the signature 
of the source 4-manifold. 

57R45; 57N13, 58K30, 58K15 



1 Introduction 

In [24] the first named author developed the theory of singular fibers of generic 
differentiable maps between manifolds of negative codimension. Here, the codimension 
of a map/: M —> N between manifolds is defined to be k = dim A' — dimM. For 
k > 0, the fiber over a point in N is a discrete set of points, as long as the map is generic 
enough, and we can study the topology of such maps by using the well-developed theory 
of multi-jet spaces (see, for example, the article [13] by Mather). However, in the case 
where k < 0, the fiber over a point is no longer a discrete set, and is a complex of 
positive dimension — k in general. This means that the theory of multi-jet spaces is not 
sufficient any more, and in [24] we have seen that the topology of singular fibers plays 
an essential role in such a study. 

In [24], as an explicit and important example of the theory of singular fibers, C°° stable 
maps of closed orientable 4-manifolds into 3-manifolds were studied and their singular 
fibers were completely classified up to the natural equivalence relation, called the C°° 
(or C°) right-left equivalence (for a precise definition, see Section 2 of the present 
paper). Furthermore, it was proved that the number of singular fibers of a specific type 
(in the terminology of [24] , singular fibers of type III 8 ) of such a map is congruent 
modulo two to the Euler characteristic of the source 4-manifold (see [24, Theorem 5.1] 
and also Corollary 5.6 of the present paper). 

In this paper, we will give an "integral lift" of this modulo two Euler characteristic 
formula. More precisely, we consider C°° stable maps of oriented 4-manifolds into 
3-manifolds, and we give a sign +1 or —1 to each of its III 8 type fiber, using the 
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orientation of the source 4-manifold. Then we show that the algebraic number of III 
type fibers coincides with the signature of the source oriented 4-manifold (Theorem 5.5). 

For certain Lefschetz fibrations, similar signature formulas have already been proved by 
Matsumoto [15, 16], Endo [6], etc. Our formula can be regarded as their analogue from 
the viewpoint of singularity theory of generic differentiable maps. The most important 
difference between Lefschetz fibrations and generic differentiable maps is that not 
all manifolds can admit a Lefschetz fibration, while every manifold admits a generic 
differentiable map. (In fact, a single manifold admits a lot of generic differentiable 
maps.) Furthermore, it is known that similar signature formulas do not hold for arbitrary 
Lefschetz fibrations, since there exist oriented surface bundles over oriented surfaces 
with nonzero signatures (see Meyer [17]). In this sense, our formula is more general 
(see Remark 7.7). Our proof of the formula is based on the abundance of such generic 
maps in some sense. 

More precisely, our proof of the formula goes as follows. We first define the notion 
of a chiral singular fiber (for a precise definition, see Section 2). Roughly speaking, 
if a fiber can be transformed to its "orientation reversal" by an orientation preserving 
homeomorphism of the source manifold, then we call it an achiral fiber; otherwise, 
a chiral fiber. On the other hand, we classify singular fibers of proper C°° stable 
maps of orientable 5 -manifolds into 4-manifolds by using methods developed in [24]. 
Then, for proper C°° stable maps of oriented 4-manifolds into 3 -manifolds, and those 
of oriented 5 -manifolds into 4-manifolds, we determine those singular fibers in the 
classification lists which are chiral. Furthermore, for each chiral singular fiber that 
appears discretely, we define its sign (= ±1). 

Let us consider two C°° stable maps of 4-manifolds into a 3 -manifold which are 
oriented bordant. Then by using a generic bordism between them, which is a generic 
differentiable map of a 5-manifold into a 4-manifold, and by looking at the III 8 -fiber 
locus in the target 4-manifold, we show the oriented bordism invariance of the algebraic 
numbers of III 8 type fibers of the original stable maps of 4-manifolds. Finally, we 
verify our formula for an explicit example of a stable map of an oriented 4-manifold 
with signature +1 . (In fact, this final step is not so easy and needs a careful analysis.) 
Combining all these, we will prove our formula. 

The paper is organized as follows. In Section 2 we give some fundamental definitions 
concerning singular fibers of generic differentiable maps, among which is the notion 
of a chiral singular fiber. In Section 3 we recall the classification of singular fibers 
of proper C°° stable maps of orientable 4-manifolds into 3 -manifolds obtained in 
[24]. In Section 4 we present the classification of singular fibers of proper C°° stable 
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maps of orientable 5-manifolds into 4-manifolds. In Section 5 we determine those 
singular fibers in the classification lists which are chiral. Furthermore, for each chiral 
singular fiber that appears discretely, we define its sign by using the orientation of 
the source manifold. In Section 6 we prove the oriented bordism invariance of the 
algebraic number of III 8 type fibers. This is proved by looking at the adjacencies of 
the chiral singular fiber loci in the target manifold. In Section 7 we investigate the 
explicit example of a C°° stable map of an oriented 4-manifold into a 3 -manifold 
constructed in [24]. In order to calculate the signature of the source 4-manifold, we 
will compute the self-intersection number of the surface of definite fold points by using 
normal sections coming from the surface of indefinite fold points. This procedure needs 
some technical details so that this section will be rather long. By combining the result 
of Section 6 with the computation of the example, we prove our main theorem. Finally 
in Section 8, we define the universal complex of chiral singular fibers for proper C°° 
stable maps of 5-manifolds into 4-manifolds and compute its third cohomology group. 
This will give an interpretation of our formula from the viewpoint of the theory of 
singular fibers of generic differentiable maps as developed in [24]. 

Throughout the paper, all manifolds and maps are differentiable of class C°° . The 
symbol " = " denotes an appropriate isomorphism between algebraic objects. For a 
space X, the symbol "idx" denotes the identity map of X. 

The authors would like to express their thanks to Andras Szucs for drawing their attention 
to the work of Conner-Floyd, and to Go-o Ishikawa for his invaluable comments and 
encouragement. They would also like to thank the referee for helpful comments. The 
first named author has been supported in part by Grant-in- Aid for Scientific Research 
(No. 16340018), Japan Society for the Promotion of Science. 

2 Preliminaries 

Let us begin with some fundamental definitions. For some of the definitions, refer to 
[24]. 

Definition 2.1 Let M; be smooth manifolds and A,- C M ( - be subsets, i = 0,1. A 
continuous map g: Aq — ► A\ is said to be smooth if for every point q G Ao, there 
exists a smooth map g : V — > Mi defined on a neighborhood V of q in Mo such that 
g\ vnA Q = g I vnAo • Furthermore, a smooth map g : Aq — > A\ is a dijfeomorphism if it is 
a homeomorphism and its inverse is also smooth. When there exists a diffeomorphism 
between Aq and A\ , we say that they are dijfeomorphic. 
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Definition 2.2 Let/ : M, — ► be smooth maps and take points y,- GiV,-, i = 0,l. 
We say that the fibers over y and yi are C°° equivalent (or C equivalent) if for 
some open neighborhoods [/; of y,- in A 7 , , there exist diffeomorphisms (respectively, 
homeomorphisms) ip: (fo)~ l (Uo) — ► (fi)~ l (U\) and </?: Uq — ► U\ with ip(yo) = yi 
which make the following diagram commutative: 

W)- l <Po), (fo)~ l (yo)) (mr\Ui), (fi)- l (yi)) 



./() 



/l 

y 



(f/o,yo) -^(t/i,yi) 

When the fibers over yo and y\ are C°° (or C ) equivalent, we also say that the 
map germs / : (Mb, (fo) _1 (yo)) -> (M),yo) and/i: (Mi, (/i) -1 ^)) -» (M,yi) are 
smoothly (or topologically) right-left equivalent. 

When y € iV is a regular value of a smooth map / : M — > Af between smooth manifolds, 
we call / _ 1 (y) a regular fiber; otherwise, a singular fiber. 

Definition 2.3 Let J be a C° equivalence class of a fiber of a proper smooth map in 
the sense of Definition 2.2. For a proper smooth map /: M —>■ N between smooth 
manifolds, we denote by $(f) the set consisting of those points of N over which lies a 
fiber of type 5- It is known that if the smooth map / is generic enough (for example 
if / is a Thorn map, see the book by Gibson, Wirthmuller, du Plessis and Looijenga 
[7]), then 5(f) is a union of strata 1 of N and is a C submanifold of N of constant 
codimension (for details, see [24, Chapter 7]). Furthermore, this codimension k = k($) 
does not depend on the choice off and we call it the codimension of 5- We also say 
that a fiber belonging to J is a codimension k fiber. 

Let us introduce the following weaker relation for (singular) fibers. 

Definition 2.4 Let / : (M,-, (/i) _1 (y;)) — ► (Nuyd t> e proper smooth map germs along 
fibers with n = dimM,- and p = dimA^-, i = 0, 1 , with n > p. We may assume that 
Nj is the p -dimensional open disk IntD p and that y, is its center 0, i = 0, 1. We 
say that the two fibers are C° (or C°° ) equivalent modulo regular fibers if there exist 
(n — p) -dimensional closed manifolds Fj, i = 0, 1, such that the disjoint union of/o 
and the map germ 7To : C^b x IntD p , Fo x {0}) — ► (IntD p , 0) defined by the projection 
to the second factor is C° (respectively, C°°) equivalent to the disjoint union of/i and 

'In the case where / is a Thorn map, we consider the stratifications of M and N with respect 
to which/ satisfies certain regularity conditions. For details, see [7, Chapter I, Section 3]. 
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the map germ tt\ : (F\ x IntDP, F\ x {0}) — > (IntD p , 0) defined by the projection to 
the second factor. 

Note that by the very definition, any two regular fibers are C°° equivalent modulo 
regular fibers to each other as long as their dimensions of the source and the target are 
the same. 

For the C° equivalence modulo regular fibers, we use the same notation as in Defi- 
nition 2.3. Then all the assertions in Definition 2.3 hold for C° equivalence classes 
modulo regular fibers as well. 

The following definition is not so important in this paper. However, in order to compare 
it with Definition 2.6, we recall it. For details, refer to [24]. 

Definition 2.5 Let J be a C° equivalence class of a fiber of a proper Thom map. Let 
us consider arbitrary homeomorphisms ip and ip which make the diagram 

(f- l (U ),f- l (y)) *- if~\U{),f- l (y)) 

f f 

(U ,y) >(U u y) 

commutative, where / is a proper Thom map such that the fiber over y belongs to 
and Ui are open neighborhoods of y. Note that then we have ip($(f) D Uq) = $(f) H U\ . 
We say that J is co-orientable if ip always preserves the local orientation of the normal 
bundle of $(f) at y. 

We also call any fiber belonging to a co-orientable C° equivalence class a co-orientable 
fiber. 

In particular, if the codimension of $ coincides with the dimension of the target off, 
then (p above should preserve the local orientation of the target at y . 

Note that if $ is co-orientable, then $(f) has orientable normal bundle for every proper 
Thom map/. 

The following definition plays an essential role in this paper. Compare this with 
Definition 2.5. 

Definition 2.6 Let $ be a C° equivalence class of a fiber of a proper Thom map of an 
oriented manifold. We say that J is achiral if there exist homeomorphisms yp and ip 
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which make the diagram 



(TWo),/- 1 ^)) 



(f'WOJ-'iy)) 



(2-1) 



/ 



V 



(U ,y) 



commutative such that the homeomorphism ip reverses the orientation and that the 
homeomorphism 



preserves the local orientation of $(f) at y, where / is a proper Thom map such that the 
fiber over y belongs to 3\ and Uj are open neighborhoods of y. 

Note that if the codimension of $ coincides with the dimension of the target of /, then 
the condition about the homeomorphism (2-2) is redundant. Note also that the above 
definition does not depend on the choice of / or y. 

Moreover, we say that J is chiral if it is not achiral. 

We also call any fiber belonging to a chiral (respectively, achiral) C° equivalence class 
a chiral fiber (respectively, achiral fiber). 

Furthermore, we have the following. 

Lemma 2.7 Suppose that the codimension of $ is strictly smaller than the dimension 
of the target. Then $ is achiral if and only if there exist homeomorphisms (p and ip 
making the diagram (2-1) commutative such that the homeomorphism ip preserves the 
orientation and that the homeomorphism (2-2) reverses the orientation. 

Proof Let / : (M,f~ l (y)) — > (N, y) be a representative of J, which is a proper Thom 
map. Let us consider the Whitney stratifications M. and J\f of M and N respectively 
with respect to which / satisfies certain regularity conditions [7, Chapter I, Section 3]. 
We may assume that y belongs to a top dimensional stratum of 5(f) with respect to 
M . By our hypothesis, the dimension k of this stratum is strictly positive. Let A be a 
small open disk of codimension k centered at y in N which intersects with the stratum 
transversely at y. Set M' =/ _1 (A). Note that/' =/\m> ■ M' —> A is a proper Thom 
map. 

By the second isotopy lemma (for example, see [7, Chapter II, Section 5]), we see that 
the map germ 



(2-2) 



¥>lw)rw : W) nU ^ W) D Ui 



/: {MJ-'(y))^(N,y) 
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is C equivalent to the map germ 

/' x id K * : (M' x R k ,f'~ l (y) xO)^(Ax R k ,y x 0). 

Since k is positive, it is now easy to construct orientation reversing homeomorphisms 
p> and <p making the diagram (2-1) commutative such that the homeomorphism (2-2) 
reverses the orientation. Then the lemma follows immediately. This completes the 
proof. □ 

We warn the reader that even if a fiber is chiral, homeomorphisms p> and ip making the 
diagram (2-1) commutative may not satisfy any of the following. 

(1) The homeomorphism <p preserves the orientation and the homeomorphism (2-2) 
preserves the orientation. 

(2) The homeomorphism Ip reverses the orientation and the homeomorphism (2-2) 
reverses the orientation. 

This is because / (£/;) may not be connected. 

For example, a regular fiber is achiral if and only if the fiber manifold admits an 
orientation reversing homeomorphism. The disjoint union of an achiral fiber and an 
achiral regular fiber is clearly achiral. The disjoint union of a chiral fiber and an achiral 
regular fiber is always chiral. 

In what follows, we consider only those maps of codimension — 1 so that a regular fiber 
is always of dimension 1 . Note that every compact 1 -dimensional manifold admits 
an orientation reversing homeomorphism. Therefore, for two fibers which are C° 
equivalent modulo regular fibers, one is chiral if and only if so is the other. Therefore, 
we can speak of a chiral (or achiral) C° equivalence class modulo regular fibers as well. 



3 Singular fibers of stable maps of 4-manifolds into 3 -man- 
ifolds 

In this section, we consider proper C°° stable maps of orientable 4-manifolds into 
3 -manifolds and recall the classification of their singular fibers obtained in [24]. 

Let M and N be manifolds. We say that a smooth map/: M — » N is C°° stable (or 
stable for short) if the A -orbit off is open in the mapping space C°°(M, N) with respect 
to the Whitney C°° -topology. Here, the A -orbit off £ C°°(M,N) means the following. 
Let DiffM (or Diff AO denote the group of all diffeomorphisms of the manifold M 
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(respectively, N). Then DiffM x DiffiV acts on C°°(M, AO by ($, $)-/=$o/or' 
for ($, tf) G DiffM x Diff N and/ G C°°(M,N). Then the A-orbit of / G C°°(M,N) 
means the orbit through / with respect to this action. Note that a proper C°° stable 
map is always a Thom map. 

Since (4, 3) is a nice dimension pair in the sense of Mather [14], if dimM = 4 and 
dimAf = 3, then the set of all C°° stable maps is open and dense in C°°(M,N) as 
long as M is compact. In particular, every smooth map M — > N can be approximated 
arbitrarily well by a C°° stable map. This shows the abundance of such stable maps. 

The following characterization of proper C°° stable maps of 4-manifolds into 3- 
manifolds is well-known (for example, see [24]). 

Proposition 3.1 A proper smooth map f:M—>Nofa 4 -manifold M into a 
3 -manifold N is C°° stable if and only if the following conditions are satisfied. 

(i) For every q G M, there exist local coordinates (x,y, z, w) and (X,Y,Z) around 
q G M andf(q) G ./V respectively such that one of the following holds: 



(ii) Set S(f) = {q G M : rank 4/4 < 3}, which is a regular closed 2-dimensional 
submanifold of M under the above condition (i). Then, for every r G /(5(f)), 
f~ l (r) n S(f) consists of at most three points and the multi-germ 



is smoothly right-left equivalent to one of the six multi-germs as described in Figure 1: 
(1) represents a single immersion germ which corresponds to a fold point, (2) and (4) 
represent normal crossings of two and three immersion germs, respectively, each of 
which corresponds to a fold point, (3) corresponds to a cusp point, (5) represents a 
transverse crossing of a cuspidal edge as in (3) and an immersion germ corresponding 
to a fold point, and (6) corresponds to a swallowtail point. 

In the following, we assume that the 4-manifold M is orientable. Using Proposition 3.1, 
the first named author obtained the following classification of singular fibers [24]. 



(Xof,Yof,Zof)= { 



'(x,y,z) 
{x,y,z 2 +w 2 ) 
(x,y,z 2 -w 2 ) 
(x, y , z 3 +XZ-W 2 ) 
(x, y, z 4 +xz 2 +yz.+w 2 ) 

k {x, y,z 4 +xz 2 +yz-w 2 ) 



q a regular point 
q a definite fold point 
q an indefinite fold point 
q a cusp point 

q a definite swallowtail point 
q an indefinite swallowtail point 



(fW),r\r)ns(f)) 
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(4) (5) (6) 



Figure 1: Multi-germs of f\s(f) 

Theorem 3.2 Letf : M —> N bea proper C°° stable map of an orientable A -manifold 
M into a 3 -manifold N. Then, every singular fiber off is C°° (and hence C°) 
equivalent modulo regular fibers to one of the fibers as in Figure 2. Furthermore, no 
two fibers appearing in the list are C° equivalent modulo regular fibers. 

Remark 3.3 In Figure 2, k denotes the codimension of the relevant singular fiber 
in the sense of Definition 2.3. Furthermore, I*, II* and III* mean the names of the 
corresponding singular fibers, and "/" is used only for separating the figures. Note that 
we have named the fibers so that each connected fiber has its own digit or letter, and 
a disconnected fiber has the name consisting of the digits or letters of its connected 
components. Hence, the number of digits or letters in the superscript coincides with the 
number of connected components that contain singular points. 

Remark 3.4 For proper C°° stable maps of 3-manifolds into the plane, a similar 
classification of singular fibers was obtained by Kushner, Levine and Porto [10, 12], 
although they did not mention explicitly the equivalence relation for their classification. 
Their classification was in fact based on the "diffeomorphism modulo regular fibers". 

Remark 3.5 For proper C°° stable maps of general (possibly nonorientable) 4- 
manifolds into 3-manifolds, a similar classification of singular fibers was obtained by 



Qeometry & Topology 10 (2006) 



368 



Osamu Saeki and Takahiro Yamamoto 




Qeometry & Topology 10 (2006) 



Singular fibers of stable maps and signatures of 4-manifolds 



369 



the second named author in [28, 27]. 



4 Singular fibers of stable maps of 5 -manifolds into 4-man- 
ifolds 

In this section we give a characterization of C°° stable maps of 5 -manifolds into 

4- manifolds and present the classification of singular fibers of such maps. 

First note that since (5,4) is a nice dimension pair in the sense of Mather [14], for a 

5 - manifold M and a 4-manifold N, the set of all C°° stable maps is open and dense in 
the mapping space C°°(M,N), as long as M is compact. 

By using standard methods in singularity theory (for example, see the book [8] by 
Golubitsky and Guillemin), together with a result of Ando [1], we can prove the 
following characterization of stable maps of 5-manifolds into 4-manifolds. 

Proposition 4.1 A proper smooth map f:M—>Nofa 5 -manifold M into a 
4-manifold N is C°° stable if and only if the following conditions are satisfied. 

(i) For every q G M, there exist local coordinates (a, b, c, x, y) and (X, Y, Z, W) around 
q G M andf(q) G N respectively such that one of the following holds: 

(Xof, Yof,Zof, Wof) = 

(a,b,c,x) q a regular poin t 

(a, b, c, x 2 +y 2 ) q a definite fold point 

(a, b, c,x 2 —y 2 ) q an indefinite fold point 

(a, b, c,x 3 +ax—y 2 ) q a cusp point 

(a,b, c,x A +ax 2 +bx+y 2 ) q a definite swallowtail point 

(a, b, c, x 4 +ax 2 +bx—y 2 ) q an indefinite swallowtail point 

(a, b, c , x 5 +ax 3 +bx 2 +cx—y 2 ) q a butterfly point 

(a, b, c, 3x 2 y+y 3 +a(x 2 +y 2 )+bx+cy) q a definite D4 point 

^ (a, b, c, 3x 2 y—y i +a{x 2 +y 2 )+bx+cy) q an indefinite D4 point 

(ii) Set S(f) = {q G M : rank df q < 4} , which is a regular closed 3 -dimensional 
submanifold of M under the above condition (i). Then, for every r G f(S(f)), 
f~ l (r) n S(f) consists of at most four points and the multi-germ 

(f\s(f),r\r)nS(f)) 

is smoothly right-left equivalent to one of the thirteen multi-germs as follows: 
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(1) A single immersion germ which corresponds to a fold point 

(2) A normal crossing of two immersion germs, each of which corresponds to a fold 
point 

(3) A cuspidal edge which corresponds to a single cusp point 

(4) A normal crossing of three immersion germs, each of which corresponds to a 
fold point 

(5) A transverse crossing of a cuspidal edge and an immersion germ corresponding 
to a fold point 

(6) A map germ corresponding to a swallowtail point 

(7) A normal crossing of four immersion germs, each of which corresponds to a fold 
point 

(8) A transverse crossing of a cuspidal edge and a normal crossing of two immersion 
germs which correspond to fold points 

(9) A transverse crossing of two cuspidal edges 

(10) A transverse crossing of a swallowtail germ and an immersion germ corresponding 
to a fold point 

(1 1) A map germ corresponding to a butterfly point 

(12) A map germ corresponding to a definite D4 point 

(13) A map germ corresponding to an indefinite D4 point 

We call a D4 point a £ 2 ' 2 >° point as well. 

Remark 4.2 The normal forms for D4 points are slightly different from the usual ones 
(see, for example, the article [1] by Ando). We have chosen them so that at an indefinite 
D4 point, / can be represented as 

(a, q, -> (a, 77, 9(C 3 ) + WiQ + «IC| 2 ) 

by using complex numbers, where i = y/—l, r] = b + ic,C,=x + iy, 9 means the 
imaginary part, and 5ft means the real part. 

Set r = exp (2iri/3). Then with respect to the chosen coordinates, we have 

fofi T = (p T of, 

where ip T and tp T are orientation preserving diffeomorphisms defined by 

&-(«,r?,0 = (a,TTj,TQ, and 
<p T (X,Y + iZ,W) = (X,t(Y + iZ),W) 
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respectively. This shows that an indefinite D4 point (or a local fiber through an indefinite 
D4 point) has a (orientation preserving) symmetry of order 3 . 

Set t' = exp (717/3) so that we have r' 2 = r. Then we have 

f <?r' = W °f, 
where ip T i and ip T i are diffeomorphisms defined by 

&T>(a,r],0 = (-a,-r'r],T'0, and 
f T (X, Y + iZ, W) = (-X,-T(Y + iZ),-W) 

respectively. Note that ip T / is orientation reversing while ip T / is orientation preserving. 
This shows that an indefinite D4 point (or a local fiber through an indefinite D4 point) 
has a symmetry of order 6 and that the generator reverses the "local orientation" of the 
fiber. In fact, we have lp T = Lf?, and (p T = ip^, . 

Let us recall the following definition (for details, see [24, Chapter 8]). 

Definition 4.3 Let / : M — > N be a proper smooth map between manifolds. Then we 
call the proper smooth map 

/xid K : MxR^NxR 

the suspension off. Furthermore, to the fiber off over a point y G N, we can associate 
the fiber of / x idjR over y x {0} . We say that the latter fiber is obtained from the 
original fiber by the suspension. Note that a fiber and its suspension are diffeomorphic 
to each other in the sense of Definition 2.1. 

Note that the map germs (l)-(6) in Proposition 4.1 correspond to the suspensions of 
the map germs in Figure 1. The map germs (1 1)— (13) are as described in Figures 3-5 
respectively, where in order to draw 3-dimensional objects in a 4-dimensional space, 
we have depicted three "sections" by 3-dimensional spaces for each object. 




Figure 3: Map germ corresponding to a butterfly point 

Let q be a singular point of a proper C°° stable map /: M —> N of a 5 -manifold M 
into a 4-manifold N. Then, using the above local normal forms, we can easily describe 
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Figure 4: Map germ corresponding to a definite D4 point 




Figure 5: Map germ corresponding to an indefinite D4 point 

the diffeomorphism type of a neighborhood of q in f~ 1 (f(q)) . More precisely, we easily 
get the following local characterizations of singular fibers. 

Lemma 4.4 Every singular point q of a proper C°° stable map f: M — > N of a 
5 -manifold M into a 4 -manifold N has one of the following neighborhoods in its 
corresponding singular fiber (see Figure 6): 

(1) isolated point diffeomorphic to {(x, y) G M 2 : x 2 + y 2 = 0}, if q is a definite 
fold point, 

(2) union of two transverse arcs diffeomorphic to {(x,y) £ R 2 : x 2 — y 2 = 0}, if q 
is an indefinite fold point, 

(3) (2, 3)-cuspidal arc diffeomorphic to {(x,y) 6l 2 : x 3 — y 2 = 0}, if q is a cusp 
point, 

(4) isolated point diffeomorphic to {(x,y) £l 2 : x 4 + y 2 = 0}, if g is a definite 
swallowtail point, 

(5) union of two tangent arcs diffeomorphic to {(x,y) £l 2 : x 4 —y 2 = 0}, if q is 
an indefinite swallowtail point, 

(6) (2, 5) -cuspidal arc diffeomorphic to {(x,y) G M 2 : x 5 — y 2 = 0}, if g is a 
butterfly point, 

(7) non-disjoint union of an arc and a point diffeomorphic to {(x,y) G M 2 : 
3x 2 j +y 3 =0},ifq is a definite D4 point, 
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(8) union of three arcs meeting at a point with distinct tangents diffeomoiphic to 
{(x,y) S M 2 : 3x 2 y —y 3 = 0}, if q is an indefinite D4 point. 




(1) (2) (3) (4) 




(5) (6) (7) (8) 



Figure 6: Neighborhood of a singular point in a singular fiber 

We note that in Figure 6, both the black dot (1) and the black square (4) represent 
an isolated point; however, we use distinct symbols in order to distinguish them. We 
also use the symbols as in Figure 6 (3) and (6) in order to distinguish a (2, 3)-cusp 
from a (2, 5)-cusp. Furthermore, we put a dot on the arc as in Figure 6 (7) in order to 
distinguish it from a regular fiber. 

Then by an argument similar to that in [24, Chapter 3], we can prove the following, 
whose proof is left to the reader. 

Theorem 4.5 Letf : M —> N be a proper C°° stable map of an orientable 5 -manifold 
M intoa 4-manifold N . Then, every singular fiber of f is C° equivalent modulo regular 
fibers to one of the fibers as follows: 

(1) The suspension of a fiber appearing in Theorem 3.2 

(2) One of the disconnected fibers 

jy0,0,0,0 jy0,0,0,l jy0,0,l,l jy0,l,l,l jyl, 1,1,1 jy0,0,2 jy0,l,2 jyl,l,2 jy0,0,3 

IV ' 1 ' 3 , IV 1 ' 1 ' 3 , IV ' 4 , IV ' 5 , IV ' 6 , IV ' 7 , IV ' 8 , IV 1 ' 4 , IV 1 ' 5 , IV 1 ' 6 , IV 1 ' 7 , 
IV 1 ' 8 , IV 2 ' 2 , IV 2 ' 3 , IV 3,3 , IV 0,0 ' a , IV ' 1 ' , IV 1 ' 1 '", IV 0ii , YV l ' b , TV 2 '", IV 3 ' , 
IV a,a , IV 0,C , YV°' d , IV°' e , IV 1,C ', YV l ' d , YV l ' e 

(3) One of the connected fibers depicted in Figure 7 

Furthermore, no two fibers appearing in the list (1) -(3) above are C° equivalent modulo 
regular fibers. 
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For the fibers in Theorem 4.5 (1), we use the same names as those of the corresponding 
fibers in Theorem 3.2. Note that the names of the fibers are consistent with the 
convention mentioned in Remark 3.3. Therefore, the figure corresponding to each fiber 
listed in Theorem 4.5 (2) can be obtained by taking the disjoint union of the fibers in 
Figure 2 corresponding to the digits or letters appearing in the superscript. For example, 
the figure for the fiber IV ' ' 0,1 consists of three dots and a "figure 8 ". 

In Figure 7, we did not use "/" as in Figure 2, since the depicted fibers are all connected 
and are easy to recognize. 

Note also that the codimensions of the fibers in Theorem 4.5 (1) coincide with those of 
the corresponding fibers in Theorem 3.2. Furthermore, the fibers in Theorem 4.5 (2) 
and (3) all have codimension 4. 

Remark 4.6 The result of Theorem 4.5 holds for the classification up to C°° equiva- 
lence as well. As a consequence, we see that two fibers are C° equivalent if and only if 
they are C°° equivalent (for related results, refer to [24, Chapter 3]). This should be 
compared with a result of Damon [4] about stable map germs in nice dimensions. 

5 Chiral singular fibers and their signs 

In this section we determine those singular fibers of proper stable maps of oriented 
4-manifolds into 3 -manifolds which are chiral. We also define a sign (= ±1) for each 
chiral singular fiber of codimension 3 . 

Let us first consider a fiber of type III 8 . Let / : (M,f~ 1 (y)) — ► (N, y) be a map germ 
representing the fiber of type III 8 with/ _1 (y) being connected, where M is an orientable 
4-manifold and N is a 3 -manifold. We assume that M is oriented. Let us denote the 
three singular points off contained in/" 1 ^) by q\,q2 and q^. 

Let us fix an orientation of a neighborhood of y in N. Then for every regular point 
q £ f~ l (y), we can define the local orientation of the fiber near q by the "fiber first" 
convention; that is, we give the orientation to the fiber at q so that the ordered 4-tuple 
(v, vi , V2, V3) of tangent vectors at q gives the orientation of M, where v is a tangent 
vector of the fiber at q which corresponds to its orientation, and vi , V2 and V3 are tangent 
vectors of M at q such that the ordered 3-tuple (df q (v\), df q (v%), df q {v^)) corresponds 
to the local orientation of N at y . Note that the set of regular points in /~ 1 (y) consists 
of six open arcs and each of them gets its orientation by the above rule. 
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Each singular point qi is incident to four open arcs. We see easily that their orientations 
should be as depicted in Figure 8 by considering the orientations induced on the nearby 
fibers. 




Figure 8: Orientations of the four arcs incident to a singular point 

For each pair (q,, qj), i / j, of singular points, we have exactly two open arcs of f~ l (y) 
which connect and qj . Furthermore, the orientations of the two open arcs coincide 
with each other in the sense that one of the two arcs goes from qt to qj if and only if 
so does the other one. Then we see that the orientations on the six open arcs define 
a cyclic order of the three singular points q\ , 172 and qi, (see Figure 9). By renaming 
the three singular points if necessary, we may assume that this cyclic order is given by 
(91,92,93). 




Figure 9: Cyclic order of the three singular points 

Let Di be a sufficiently small open disk neighborhood of qi in S(f) . Since the multi-germ 
(f\s(f),f~ l (y) n S(f)) corresponds to the triple point as depicted in Figure 1 (4), the 
images /(Di),/(D2) and/(D3) are open 2-disks in N in general position forming a 
triple point at y. They divide a neighborhood of y in N into eight octants. For each 
octant uj , take a point in it and count the number of connected components of the regular 
fiber over the point. It should be equal either to 1 or to 2 and it does not depend on the 
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choice of the point (for details, see [24, Figure 3.6]). When it is equal to k (= 1 , 2), we 
call ijj a k— octant. 

Choose a 1 -octant lo . Let w; be a normal vector to /(D,-) in N pointing toward lo at a 
point incident to that octant, i = 1, 2, 3 (see Figure 10). 



We may identify a neighborhood of y in ,/V with M 3 . Then the local orientation at 
y corresponding to the ordered 3-tuple of vectors (w\,W2,ws) depends only on the 
cyclic order of the three open disks f(D\), f{D2) and/(D3) and is well-defined, once 
a 1 -octant is chosen. Then we say that the fiber /~ 1 (y) is positive if the orientation 
corresponding to {w\ , vt>2, W3) coincides with the local orientation of ,/V at y which we 
chose at the beginning; otherwise, negative. We define the sign of the fiber to be +1 (or 
— 1) if it is positive (respectively, negative). 

Lemma 5.1 The above definition does not depend on the choices of the following data, 
and the sign of a III 8 type fiber is well-defined as long as the source 4-manifold is 
oriented: 

(1) the I -octant lo, 

(2) the local orientation of N aty. 

Proof (1) It is easy to see that any two adjacent octants have distinct numbers of 
connected components of their associated regular fibers; that is, a 1 -octant is adjacent 
to 2-octants, but never to another 1 -octant, and vice versa. Therefore, in order to 
move from the chosen 1 -octant to another 1 -octant, one has to cross the open disks 
f{D\),f{D2) and/(D3) even number of times. Every time one crosses an open disk, the 




Figure 10: Vectors normal to /(£),) pointing toward to 
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associated normal vector corresponding to that open disk changes the direction, while 
the other two vectors remain parallel. Therefore, after crossing the open disks even 
number of times, we get the same orientation determined by the associated ordered 
normal vectors. 

(2) If we reverse the local orientation of N at y, then the regular parts of fibers get 
opposite orientations. Therefore, in the above definition, the cyclic order of the three 
singular points is reversed. Hence, the resulting local orientation at y determined by the 
three normal vectors is also reversed. Thus, the sign of the fiber is well-defined. □ 

For a fiber which is a disjoint union of a III 8 type fiber and a finite number of copies 
of a fiber of the trivial circle bundle (that is, for a fiber equivalent to a III 8 type fiber 
modulo regular fibers), we say that it is positive (respectively, negative) if the III 8 -fiber 
component is positive (respectively, negative). We define the sign of such a fiber to be 
+ 1 (or —1) if it is positive (respectively, negative). 

Remark 5.2 It should be noted that if we reverse the orientation of the source 
4-manifold, then the sign of a III 8 type fiber necessarily changes. 

Corollary 5.3 A fiber equivalent to a III 8 type fiber modulo regular fibers is always 
chiral. 

Proof If it is achiral, then a representative of a III 8 type singular fiber and its copy 
with the orientation of the source 4-manifold being reversed are C° equivalent with 
respect to an orientation preserving homeomorphism between the sources (that is, with 
respect to a homeomorphism <p as in the diagram (2-1)). Let us take local orientations 
at the target points so that the homeomorphism between the target manifolds (that is, 
the homeomorphism <p in the diagram (2-1)) preserves the orientation. Then by our 
definition of the sign, we see that the two III 8 type fibers should have the same sign, 
which is a contradiction in view of Remark 5.2. Therefore, the desired conclusion 
follows. This completes the proof. □ 

Let us now consider the other singular fibers appealing in Theorem 3.2. By using 
similar arguments, we can determine the chiral singular fibers among the list. More 
precisely, we have the following. 

Proposition 5.4 A singular fiber of a proper C°° stable map of an oriented 4-manifold 
into a 3 -manifold is chiral if and only if it contains a fiber of type III 5 , III 7 or III 8 . 
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Proof For fibers of types III 5 and III 7 , we can define their signs as for a III 8 type fiber. 
Therefore, they are chiral. Details are left to the reader. 

For the other fibers, we can find homeomorphisms tp and tp as in Definition 2.6. For 
example, let us consider a II type fiber. Let/: (M,/ _1 (y)) — > (N,y) be a proper 
smooth map germ representing a fiber of type II 2 , and let qi and q 2 be the two singular 
points contained in f~ l (y), both of which are indefinite fold points. We fix orientations 
of M and N near /~ 1 (y) and y respectively. Then the regular part of f~ 1 (y) is naturally 
oriented by the "fiber first" convention. 

It is easy to show that the involution of f~ 1 (y) as in Figure 1 1 reverses the orientation 
of the regular part of f~ l (y). Note that this involution fixes the two singular points q\ 
and <72 pointwise. 




Figure 11: Orientation-reversing involution of a II 2 type fiber 

By Section 3, there exist coordinates (x,-,y,-,z,-, w ; ) and (X, Y,Z) around qt, i = 1,2, 
and f(qi) = y respectively such that / is given by 

(xi,yi,zi,wi) h-» (xi,yi,zi -w\) 

around q\ , and by 

(■^2,^2,22,^2) ^ (X 2 ,Z2 ~wl,y 2 ) 

around q 2 with respect to these coordinates. Then we may assume that the above 
involution is consistent with the involutions defined by 

(xi,ji,zi,wi) h-> (xi,yi,—zi,wi) 

around q\ and by 

(*2,.V2,Z2, W 2 ) I ^ (X2,y2, ~Z2,Z2) 

around q 2 . Then we can extend this involution of a neighborhood of {^1,^2} to a 
self-diffeomorphism ip of f~ l (U) for a sufficiently small open disk neighborhood U of 
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y in N so that the diagram 



(f-\U)J~\y)) 



(f-\U)j- l (y)) 



f 



f 



Y 



(U,y) 



^(U,y) 



is commutative, by using the relative version of Ehresmann's fibration theorem (see 
Ehresmann [5], Lamotke [11, Section 3], Brocker-Janich [2, Section 8.12], or the book 
[24, Section 1] by the first named author), where idy denotes the identity map of U. 
Note that the diffeomorphism <p thus constructed is orientation reversing. Hence, the 
fiber f (y) is achiral according to Definition 2.6. 

We can use similar arguments for the other fibers to show that they are achiral. Details 
are left to the reader. □ 

Let us now state the main theorem of this paper. For a closed oriented 4-manifold, we 
denote by <r(M) the signature of M. Furthermore, for a C°° stable map/: M —> N 
into a 3-manifold N, we denote by ||IH 8 (f)|| the algebraic number of III 8 type fibers 
off; that is, it is the sum of the signs over all fibers off equivalent to a III 8 type fiber 
modulo regular fibers. 

Theorem 5.5 Let M be a closed oriented 4-manifold and N a 3-manifold. Then, for 
any C°° stable map f: M —>■ N , we have 



The proof of Theorem 5.5 will be given in Section 7. 

Since for an oriented 4-manifold, the signature and the Euler characteristic have the 
same parity, we immediately obtain the following, which was obtained in [24]. 

Corollary 5.6 Let M be a closed orientable 4-manifold and N a 3-manifold. Then, 
for any C°° stable mapf : M — > N , the number of fibers off equivalent to a III 8 type 
fiber modulo regular fibers has the same parity as the Euler characteristic ofM. 

Note that in the proof of our main theorem, we do not use the above corollary. In 
other words, our proof gives a new proof for the above modulo two Euler characteristic 
formula. 
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6 Cobordism invariance of the algebraic number of III type 
fibers 

In order to prove Theorem 5.5, let us first show that the algebraic number of III 8 type 
fibers is an oriented cobordism invariant of the source 4-manifold. 

Let us begin by a list of chiral singular fibers of proper C°° stable maps of 5 -manifolds 
into 4-manifolds. We can prove the following proposition by an argument similar to 
that in the previous section. 

Proposition 6.1 A singular fiber of a proper C°° stable map of an oriented 5 -manifold 
into a 4-manifold is chiral if and only if it is C° equivalent modulo regular fibers to a 
fiber of type III 5 , III 7 , III 8 , IV ' 5 , IV ' 7 , IV ' 8 , IV 1 ' 5 , IV 1 ' 7 , IV 1 ' 8 , IV 10 , IV 11 , IV 12 , 
IV 13 , IV 18 , IV ? , lY h , orW k . 

For example, in order to show that the fibers of types IV , IV and IV 9 are achiral, we 
can use the symmetry of order 6 of an indefinite D4 point as in Remark 4.2. The proof 
of Proposition 6. 1 is left to the reader. 

Note that for each chiral singular fiber of codimension 4, we can define its sign (= ±1), 
as long as the source 5 -manifold is oriented. In what follows, we fix such a definition 
of a sign for each chiral singular fiber of codimension 4 once and for all, although we 
do not mention it explicitly. 

Let 5 be a C° equivalence class modulo regular fibers. For a proper C°° stable map 
/: M — > N of an oriented 5 -manifold M into a 4-manifold N, we denote by 5(f) 
the set of all y G N over which lies a fiber of type 5- Note that $(f) is a regular C°° 
submanifold of N of codimension k($) , where k($) denotes the codimension of the 
C equivalence class modulo regular fibers 5- 

In general, if 5 is chiral, then 5(f) is orientable. For 5 = HI 8 , we introduce the 
orientation on HI 8 (f ) as follows. 

Take a point y £ HI 8 (f). Note that the singular value set /(5(f)) near y consists of 
three codimension 1 "sheets" meeting along HI 8 (f) in general position. Let D y be a 
small open 3 -disk centered at y in N which intersects III 8 (f) transversely exactly at y 
and is transverse to the three sheets of /(5(f)) . Put M' =f~ l (D y ) , which is a smooth 
4-dimensional submanifold of M with trivial normal bundle and hence is orientable. 
Let us consider the proper smooth map 

h=f\f- H D y y M'^D y , 
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which is a C°° stable map by virtue of Proposition 3.1. Note that the fiber of h over y 
is of type III . Let M" be the component of M' containing the III 8 type fiber. 

Let Om" be the orientation of M" with respect to which the III 8 type fiber is positive. 
Then let O v be the orientation of the normal bundle v to M" in M such that O v © Om" is 
consistent with the orientation of the 5 -manifold M. By the differential df : TM — ► TN 
at a point in M" , O u corresponds to a normal direction to D y in N at y. Now we orient 
III 8 (/") at y so that this direction is consistent with the orientation of III 8 */). 

It is easy to see that this orientation varies continuously with respect to y G III 8 (/) and 
hence defines an orientation on III 8 */). 

Now let J be the C° equivalence class modulo regular fibers of one of the codimension 
4 fibers appearing in Proposition 6.1; that is, $ is a chiral singular fiber of codimension 
4. Note that $(f) is a discrete set in N. Take a point y E $(f) and a sufficiently small 
open disk neighborhood A y of y in N. We orient the source 5 -manifold so that the 
fiber over y gets the sign +1 . Then A y n III (f) consists of several oriented arcs which 
have a common end point at y. Let us define the incidence coefficient [III 8 : G Z to 
be the number of arcs coming into y minus the number of arcs going out of y. Note 
that this does not depend on the point y nor on the map/. 

Remark 6.2 Let # be the C° equivalence class modulo regular fibers of a codimension 
4 achiral singular fiber. Then we can define the incidence coefficient [III 8 : 5] £ Z 
in exactly the same manner as above. However, this should always vanish, since the 
homeomorphism ip as in (2-1) reverses the orientation of A v n III 8 (/). 

Lemma 6.3 The incidence coefficient [III 8 : vanishes for every C° equivalence 
class modulo regular fibers $ of codimension 4 that is chiral. 

Proof It is not difficult to see that for y G $(f), A y n III 8 (f) ^ if and only if 
# = IV 0,8 , IV 1 ' 8 or IV 18 . Furthermore, for each of these three cases, the number of 
arcs of A y n III 8 (/) is equal to 2 and exactly one of them is coming into y. Thus the 
result follows. □ 

Remark 6.4 The above lemma shows that the closure of III 8 */) is a regular oriented 
1 -dimensional submanifold of ,/V near the points over which lies a chiral singular fiber 
of codimension 4. However, the closure of III s (f), as a whole, is not even a topological 
manifold in general. For example, suppose that / admits a IV 22 type fiber. Then the 
closure of III 8 */) forms a graph (that is, a 1 -dimensional complex) and each point of 
IV 22 */) is a vertex of degree 8, that is, it has 8 incident edges. Furthermore, four of 
them are incoming edges and the other four are outgoing edges. 
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Let us recall the following definition (for details, refer to Conner-Floyd [3].) 

Definition 6.5 Let N be a. manifold and fi: M, ■ —>■ N a continuous map of a closed 
oriented ^-dimensional manifold M ( into N, i = 0, 1. We say that fo and /i are 
oriented bordant if there exist a compact oriented (n + 1) -dimensional manifold W 
and a continuous map F: W — ► N X [0, 1] with the following properties: 

(1) dW is identified with the disjoint union of —Mo and M\ , where —Mo denotes 
the manifold Mo with the reversed orientation, and 

(2) F\ M , : Mi -^N x {/} is identified with/;-, / = 0, 1. 

We call the map F: W —> N x [0, 1] an oriented bordism between fo and/i . 

Note that if Mo = Mi , and fo and f\ are homotopic, then they are oriented bordant. 
Furthermore, if the target manifold ,/V is contractible, then/o and/i are oriented bordant 
if and only if their source manifolds Mo and M\ are oriented cobordant as oriented 
manifolds. 

For a given manifold N and a nonnegative integer n, the set of all oriented bordism 
classes of maps of closed oriented n -dimensional manifolds into ,/V forms an additive 
group under the disjoint union. We call it the n-dimensional oriented bordism group of 
N. 

Note that in the usual definition, an oriented bordism is a map into N and not into 
N x [0, 1] . However, it is easy to see that the above definition is equivalent to the usual 
one. 

As a consequence of Lemma 6.3, we get the following. 

Lemma 6.6 Let N be a 3 -manifold andfi : M; — > ,/V a C°° stable map of a closed 
oriented 4 -manifold M,- into N, i = 0,1. Iffo andfi are oriented bordant, then we 
have 

||in 8 (/o)ll = ||m 8 (A)ll- 

Proof Let F : W — > N x [0, 1] be an oriented bordism between fo and/i. Take 
sufficiently small collar neighborhoods Co = Mo x [0,1) and C\ = Mi X (0, 1] of Mo 
and Mi in W respectively. We may assume that 

^1mox[0,£) = fo x id[o, £ ), and 
F\m!x(1-£,1] = fi X id(i_ £j i] 
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for a sufficiently small e > 0. Furthermore, we may assume that F is a smooth map 
with F^ 1 (N x (0, 1)) = Int W. Then by a standard argument, we can approximate F by 
a generic map F 1 such that F'\c uc, = F\c uCi an d that F'\i Bt \y: Int IV — ► x (0, 1) 
is a proper C°° stable map. In the following, let us denote F' again by F . 

By Lemma 6.3, we see that the closure of III 8 (i 7 ) is a finite graph each of whose edge is 
oriented. Furthermore, for each vertex lying in N x (0, 1), the number of incoming 
edges is equal to that of outgoing edges. Furthermore, its vertices lying in N x {0, 1} 
have degree one and they coincide exactly with the union of 

III 8 (F) n (N x {0}) = m 8 (/b) and 
Ul 8 (F)n(N x {1}) = III 8 (/i)- 
Therefore, by virtue of Remark 5.2 we have 

-||in 8 (fo)|| + l|m 8 (fi)|| = 0j 

since dW = (—Mo) U Mi . Hence the result follows. □ 
By combining Lemma 6.6 with a work of Conner-Floyd [3], we get the following. 

Proposition 6.7 Let N be a 3 -manifold and ft : Mj — > N a C°° stable map of a closed 
oriented 4 -manifold Mj into N , i = 0, 1 . If Mq and My are oriented cobordant as 
oriented 4-manifolds, then we have 

||in 8 (/o)|| = \\m%)\\. 

Proof Recall that the oriented cobordism groups Q n of n-dimensional manifolds for 
< n < 4 satisfy the following: 

fo, n = 1,2,3, 
[Z, 7i = 0,4. 

Furthermore, the 4-dimensional oriented bordism group of Af is isomorphic to 

H p (N;Q q ) 

p+4=4 

modulo (odd) torsion [3, Section 15]. Therefore, if the 4-dimensional manifolds Mo 
and Mi are oriented cobordant, then mfo and mf\ are oriented bordant for some odd 
integer m , where mfi denotes the map of the disjoint union of m copies of M, into N 
such that on each copy it is given by , i = 0, 1 . 

Thus by Lemma 6.6, we have 

H|m 8 (ft)|| = m||m 8 (/i)||, 

which implies the desired equality. This completes the proof. □ 
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7 An explicit example 

In this section, we study an explicit example of a C°° stable map of a closed oriented 
4-manifold with nonzero signature into M 3 . Combining this with Proposition 6.7, we 
will prove our main theorem of this paper. 

In [24, Chapter 6], the first named author constructed an explicit example of a C°° 
stable map / : M — > M 3 of a closed 4-manifold M with exactly one III 8 type fiber 
such that / has only fold points as its singularities. Recall that M is diffeomorphic to 
CP 2 |j2CP 2 if we ignore the orientation. We would like to orient M and determine the 
sign of this III 8 type fiber. 

In fact, by Proposition 6.7, we already know that there exists a constant c such that 
the algebraic number of III 8 type fibers is c times the signature of the source oriented 
4-manifold (for details, see the argument in the proof of Theorem 5.5 below). In the 
above-mentioned example, the algebraic number of III 8 type fibers is equal to ±1, 
and the signature of the source 4-manifold is equal to ±1 . Therefore, this constant c 
should be equal to ±1 . Thus, for the proof of our main theorem, it suffices to determine 
the sign of the constant c. 

This procedure might seem easy, but in fact it is not. As a matter of fact, the construction 
of the above example in [24] was already very complicated, although the example itself 
seems to be a natural one. Therefore, in this section, we carefully study the example and 
determine the sign of the constant c. We will describe the argument in details, since the 
technique in this section can be very useful in determining the self-intersection number 
of the surface of singular point set in general situations. At the end of this section, we 
give a new proof of the self-intersection number formula based on our study. 

In the construction given in [24], the orientation of the source 4-manifold M was not 
given explicitly. Here, we first orient the source 4-manifold so that the III 8 type fiber 
gets the positive sign, and then determine the signature of the source 4-manifold with 
respect to the chosen orientation. 

Lemma 7.1 If we orient the source 4-manifold M of the above example so that the 
III 8 type fiber is positive, then the signature of M is equal to +1 . 

Proof In general, let/ : M — > IR 3 be a C°° stable map of a closed oriented 4-manifold 
into the 3 -dimensional Euclidean space which has only fold points as its singularities. In 
view of a result in the first named author's paper [23] (see also Ohmoto-Saeki-Sakuma 
[19] or Sadykov [21]), we have 

(7-1) 3<t(M) = S Q (f) ■ S (f), 
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where So(f) denotes the surface of definite fold singularities of /, and Sq(/) ■ So(f) 
denotes its self-intersection number (or equivalently, its normal Euler number) in M. 
Therefore, in order to determine the signature of the source 4-manifold of the explicit 
example mentioned above, we have only to compute the self-intersection number 
So(f)-S (f). 

Let us first consider the III 8 type fiber and denote the three singular points in it by q\ , 
q2 and as in Figure 9. Furthermore, we orient the regular part of the III 8 type fiber 
so that it corresponds to the cyclic order (q\ , #2) #3) of the three singular points. 

The image f(S(f)) of the singular point set of / around the point y corresponding to the 
III 8 type fiber consists of three sheets f(D i ) , /(D2) and /(D3 ) , where D, is a small disk 
neighborhood of q\ in S(f), i = 1, 2, 3. We may assume that the three sheets f{D\), 
/(D2) and/(D3) are situated as in Figure 10 and that the "front octant" ui in the figure 
is a 1 -octant; that is, the fiber over a point in the octant is connected. 

Let w>i be a normal vector to the i-th sheet of f(S(f)) in N pointing toward a; at a 
point incident to that octant, i = 1 , 2, 3 . We orient R 3 so that the ordered 3 -tuple of 
vectors (w>i, w%, W3) is consistent with the orientation, that is, R 3 is endowed with the 
"right-handed orientation" in the usual sense. 

Now we orient the source 4-manifold off so that the regular part of the III 8 type fiber 
gets the orientation as indicated in Figure 9 in the sense of Section 5 by the "fiber first" 
convention. Then the sign of the III 8 type fiber is equal to +1 . 

Recall that So(f) consists of three 2-spheres So, Si and S2, and that the surface Si(f) 
of indefinite fold points is a real projective plane whose image P =f(Si(f)) is Boy's 
surface in R (see Figure 12). Furthermore, the embedded 2-sphere So = /(So) 
surrounds Boy's surface, and the disjoint 2-spheres S\ =f(S\) and 52 = f(S2) are 
contained in the bounded region of R 3 \ P so that Si surrounds S2 (for details, see [24, 
Chapter 6]). 

We have obviously a continuous map ho'. So X [0,1] — > M 3 with the following 
properties: 

(!) ^o|5 x{o} = id s : So x {0} -> 5 . 

(2) /zo|s x(o,i) is a diffeomorphism onto the region bounded by So and P. 

(3) ho(So x {1}) = P. 

(4) ^o|s x{i} is a homeomorphism outside of a 1 -dimensional subcomplex Co of 
So as depicted in Figure 13. The image ho((So \ Co) x {1}) coincides with the 
complement to the multiple point set of Boy's surface P in P. 
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Figure 12: Boy's surface P 




Figure 13: 1 -dimensional subcomplex Co on the 2 -sphere So 

Set B = h (S x [0, 1 /2]). Then N(S ) =f- 1 (B) can be identified with a normal disk 
bundle v$ to So in M. In order to calculate the self-intersection number So ■ So m M , 
let us consider the disk bundle vq over Sq which is obtained from v§ by identifying the 
antipodal points on each disk fiber. In other words, the S 1 -bundle duo associated with 
the disk bundle corresponds to the MP 1 -bundle associated with the real 2-plane 
bundle afforded by uq . Note that the self-intersection number of the zero section of v$ 
is equal to one half of the self-intersection number of that of uq . 

Let us construct a section of the S 1 -bundle duo associated with vq over a certain subset 
Xq of So ■ More precisely, for each point x of Xo , we will choose a pair of antipodal 
points on the circle fiber of duo over x continuously with respect to x so that the 
projection restricted to the set of all these points is a double covering map onto Xo, 
where duo is the S l -bundle associated with the disk bundle vq. 
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Let N(Co) be a regular neighborhood of C in S . Set Co = f '(Co) and N(Cq) = 
f- l (N(C )). Note that C is a 1 -dimensional subcomplex of So and that N(Cq) is a 
regular neighborhood of Co in So- We will first construct a section of the S 1 -bundle 
duo over ^0 \ Int_/V(Co)(C Xq) as follows. 

Take a point J G So \ IntA^(Co) and set x = f(x) € So- Then Iiq(x, 1) € P is the image 
of a unique indefinite fold point. Therefore, f~ l (ho(x, 1 /2)) can be considered as a 
nearby fiber of the fiber over ho(x, 1), which is of type I 1 , and hence we can take a pair 
of two antipodal points on/ _1 (/zo(x, 1/2)) canonically as in Figure 14. We can thus 
construct a continuous section of duo over each component of Sq \ IntA^(Co). 




Figure 14: Two points on a regular fiber near a singular fiber of type I 1 

Let us consider the twelve bands embedded in N(Co) as in Figure 15, where each band 
is homeomorphic to [—1, 1] x [—1, 1]. Each band is also considered to be a 1-handle 
attached to Sq \ Int N(Co) along { — 1,1} x [—1,1]. We orient the core of each band 
as in the figure, where a core is an arc properly embedded in a band corresponding to 
[— 1, 1] x {0}. The subset Xq is the union of So \ IntN(C) and the twelve bands. Let 
us extend the section of duo over So \ IntN(Co) constructed above through the twelve 
bands as follows. 

Take a band and let a be its core. Set a =/(a). Since a' = ho(a x {1/2}) is close to 
the transverse double point oif(S(f)) as in Figure 1 (2), the regular fibers over the two 
points da' are close to a II 3 -fiber. Furthermore, the pairs of antipodal points on the 
circle fibers over the two points da associated with the above-constructed section of 
duo over So \ IntN(Co) are situated as in Figure 16. Let us extend the section of duo 
over So \ Int N(Co) through a so that when one goes along a in the direction indicated 
as in Figure 15, the pair of antipodal points on the circle fibers of duo gets the rotation 
through the angle 7r/2 in the positive direction of regular fibers. Then we can naturally 
extend the section to the band. We apply this construction to all the twelve bands to get 
a section of duo over Xq . 
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Figure 15: Twelve bands in N(Cq) 




Figure 16: Two pairs of antipodal points 



The complement of IntXo in So consists of ten 2-disks: six rectangular disks corre- 
sponding to the edges of Co and four hexagonal disks corresponding to the vertices of 
Co- Note that the bundle T>q over each 2-disk A is trivial, and using a trivialization, we 
can define the degree of the above-constructed section over dA . The self-intersection 
number of the zero section of uq is then equal to the sum of these "degrees" over the 
boundaries of the ten 2-disks. Note that here Sq should be oriented so that its orientation 
together with the orientation of the 2-disk fiber gives the orientation of the total space. 
Since we have oriented the source 4-manifold by the "fiber first" convention, we may 
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assume that 

(i) the induced orientation on a 2-disk fiber of the normal disk bundle vq to So in M 
is given by the orientation of the boundary regular fiber plus the "inward normal", 
and 

(ii) the induced orientation Os on So satisfies that the "outward normal" plus Os 
is consistent with the right-handed orientation of M 3 . 

Hence Os is the "left-handed" orientation when viewed from outside (see Figure 15). 
Here we adopt the convention that the figure of N(Cq) (Figure 15) is consistent with 
that of N(Co) viewed from outside. 

It is easy to see that for each of the six rectangular 2 -disks of So \ IntXo, the degree 
of the section of duo over its boundary is equal to — 1 , since when we go around its 
boundary in its positive direction, the pair of antipodal points on the circle fibers of dv o 
rotates through the angle — ir. 

Let us now consider the contribution of each of the other four regions of So \ IntXo 
that are hexagonal. The image H by ho(*, 1/2) of its /-image is close to the triple 
point y of f(S(f)) and it lies in a 1 -octant (see Figure 10). Recall that H is given the 
"left-handed" orientation when viewed from outside. Therefore, when we go along 
the boundary of the hexagonal disk H in the positive direction from a point near the 
sheet f{D\), then the second sheet that we pass by is the sheet /(D2). In this process, 
the pair of antipodal points on a circle fiber of dv corresponding to the sheet f{D\) 
makes a rotation through the angle tt/3 as in Figure 17, since the sign of the III 8 type 
fiber is positive. Therefore, the degree of the section of dvo over the boundary of the 
hexagonal disk is equal to + 1 , since when we go around its boundary in its positive 
direction, the pair of antipodal points on the circle fibers of dvo rotates through the 
angle tt (see Figure 17). We also note that this argument can be equally applied to all 
the four hexagonal regions (that is, the central hexagonal region is not an exception), 
since the argument is local in nature in the target. 

Thus the sum of the degrees is equal to 

(-l)-6 + (+l)-4 = -2. 

Therefore, the self-intersection number of the zero section of vo is equal to —2 and that 
of vo is equal to —2/2 = — 1. 

The self-intersection numbers Si • Si and S2 • S2 can be computed by a similar method 
as follows. Let v, be the normal disk bundle to 5,- in M, i = 1,2. We can construct 
the continuous map hi, i = 1,2, for /(£;) = Si satisfying the properties similar to 
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Figure 17: Three pairs of antipodal points 

those for ho . Then we take the 1 -dimensional complexes C, and C, , their regular 
neighborhoods N(Cj) and N(Cj) respectively, and the twelve bands in 5,, i = 1,2, 
as above, and define X,- to be the union of S; \ Int./V(Q) and the twelve bands. Then 
we can construct a section of dvi, i = 1,2, over X by using an argument similar to 
that for dvo . (Note that in the present case, we use f , itself, rather than its associated 
MP 1 -bundle.) More precisely, let us consider the regular fiber over the point hj(x, 1 /2) 
for a point x € 5,- \ Int N(Ci) with x = f(x). It consists of two circles i\ and £2 and we 
can take a pair of points which lie on distinct components as in Figure 18. 




Figure 18: Two points on a regular fiber which are on distinct connected components 

We can extend this section through the twelve bands as in the case of So - Let us compute 
the sum of the degrees of the section over the components of dXi . First note that the 
orientation on 5, is the "left-handed" orientation when viewed from inside. Then the 
contribution of each rectangular region is equal to + 1 , since when we go along the core 
of a band, the chosen point on a connected component of a regular fiber gets the rotation 
through the angle 7r (see Figure 19). 

As to the other four hexagonal regions, they correspond to the triple point of /(5(f)). 
When we go around the boundary, the chosen point gets the rotation through the angle 
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a ir-fiber 



Figure 19: Two pairs of points 

— 2-7T (see Figure 20). Hence its contribution to the self-intersection number is equal to 
-1. 




Figure 20: Three pairs of points 

Therefore, the self-intersection number Sj • 5, is equal to 

(+1) • 6 + (-1) -4 = 2 

for i = 1,2. 

Thus the self-intersection number of So(f) in M is equal to 

S (f) ■ S (f) = So ■ So + Si • Si + S 2 ■ S 2 = -1 + 2 + 2 = 3. 

Therefore, the signature of the source 4-manifold is equal to +1 according to the 
formula (7-1). In other words, the source 4-manifold M is oriented diffeomorphic to 
2CP 2 (jCP 2 . This completes the proof of Lemma 7. 1. □ 

Let us now proceed to the proof of our main theorem of this paper. 
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Proof of Theorem 5.5 Let us fix a 3-manifold N. For a closed oriented 4-manifold 
M and a C°° stable map f:M—>N into N, let us consider the integer 

iP(M,f) = \\llf(f)\\. 

By virtue of Proposition 6.7, ^ depends only on the oriented cobordism class of M. 
Therefore, ip induces a map 

of the 4-dimensional oriented cobordism group to the additive group of integers. This 
is clearly a homomorphism. 

Recall that is an infinite cyclic group generated by the class of oriented 4-manifolds 
with signature +1 . In other words, the signature induces an isomorphism 

a: fU — > Z. 

Let us consider the explicit example/: 2CP 2 $CP 2 — ► M 3 given in Lemma 7.1. By 
composing it with an embedding M 3 > 7Y, we get a C°° stable map of an oriented 
4-manifold of signature +1 into N. This stable map has exactly one III 8 type fiber, 
whose sign is equal to +1 . Therefore, the homomorphism 

4> o cr _1 : Z -» Z 

sends + 1 to + 1 and hence is the identity. Thus we have a = tp. This completes the 
proof. □ 

We have a direct consequence of our main theorem as follows. 

Corollary 7.2 Let M be a closed oriented 4-manifold and N a 3-manifold. Then 
every C°° stable map of M into N has at least \a(M)\ singular fibers of type III 8 . 

For example, if M is the underlying real 4-dimensional manifold of the complex K3 
surface, then every C°° stable map of M into a 3-manifold has at least 16 fibers of 
type III 8 , although no explicit example of such a map is known. Construction of an 
explicit example can be an interesting problem. 

Our study of the explicit example gives a new proof to the following formula, which 
has been proved by Ohmoto-Saeki-Sakuma [19] and Sadykov [21]. 

Corollary 7.3 Letf : M — > N be a C°° stable map of a closed oriented 4-manifold 
M into an orientable 3-manifold N . Then we have 

S(f) ■ S(f) = 3a(M), 

where S(f) ■ S(f) is the self-intersection number of the surface of singular point set off 
in M. 
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Note that the formula (7-1) follows from Corollary 7.3. We give a proof to the above 
corollary without using the formula (7-1). 

Proof of Corollary 7.3 It is not difficult to show that the self-intersection number 
S(f) " S(f) is an oriented cobordism invariant of the source 4-manifold M (for this, use 
the argument as in [21, Proof of Lemma 3.2] together with a result of Conner-Floyd [3] 
as in the proof of Proposition 6.7). Therefore, there exists a constant c such that 

S(f) ■ S(f) = 3ca(M) 

holds for any C°° stable map / of a closed oriented 4-manifold M into an orientable 
3 -manifold N. 

For the explicit example / studied above, we have 2 S(f) ■ S(f) = ±3 and 3a(M) = ±3. 
Therefore, the constant c must be equal to ±1 . 

On the other hand, by a result of Sakuma [25] we have 

S(f) ■ S(f) = 3a(M) (mod 4). 

Therefore, the constant c must be equal to +1 . This completes the proof. □ 

Recall that Sadykov [21] proved Corollary 7.3 by a characteristic class argument together 
with Sakuma's result [25]. 

Now some remarks concerning our result are in order. 

Remark 7.4 For a closed oriented 4-manifold M, let n + and «_ be arbitrary integers 
such that a(M) = n+ — n_ . Then does there exist a C°° stable map / ' : M — > N that 
has exactly n + positive singular fibers of III 8 type and «_ negative ones? The authors 
do not know the answer to the question. 

Remark 7.5 In [22] the first named author proved that if / : M — > Af is a C°° 
stable map of a closed oriented 4-manifold into a 3 -manifold with only definite fold 
singularities, then <r(M) = 0. This follows from our main theorem as well. 

Remark 7.6 The technique of this section to determine the self-intersection number 
of the surface of definite fold points may be generalized in a more general setting. This 
might give a new direct proof of our main theorem. 

2 We know that S(f) ■ S(f) = 3a(M) — 3 : however, in order to show this, we used the formula 
(7-1). Here we are proving the corollary without using (7-1). 
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Remark 7.7 It is known that there exist oriented surface bundles over oriented surfaces 
with non-zero signatures (for example, see Meyer [17]). This means that we cannot 
expect a similar signature formula for C°° stable maps of closed oriented 4-manifolds 
into surfaces. 

Note that if the fiber genus g < 2, then there is a signature formula for Lefschetz 
fibrations in terms of singular fibers (see the work of Matsumoto [15, 16]). We also 
have a similar formula for hyperelliptic Lefschetz fibrations of any genus (see Endo 
[6]). It may be possible to prove these formulas by using our main theorem as follows. 
Let M be a Lefschetz fibration over a surface B, and consider a line bundle N over B. 
Note that N is a 3 -manifold. Then we can consider a generic map f:M—>N which 
makes the diagram 

M — 

B B 

commutative, where the vertical arrows are relevant fibration maps. In other words, we 
consider a generic family of fiberwise functions. By applying our Theorem 5.5 to/, we 
might be able to get a signature formula for certain Lefschetz fibrations. 

8 Universal complex of chiral singular fibers 

In [24], the universal complex of singular fibers was introduced as a refinement of 
Vassiliev's universal complex of multi-singularities (see Vassiliev [26], Kazaryan [9] 
or Ohmoto [18]), and it was shown that its cohomology classes give invariants of 
cobordisms of singular maps in the sense of Rimanyi and Szucs [20]. In this section, we 
study the universal complex (with integer coefficients) of singular fibers corresponding 
to chiral singular fibers and give an interpretation of our main theorem in terms of the 
theory of universal complex of singular fibers. 

We can define the universal complex of chiral singular fibers for proper C°° stable maps 
of oriented 5 -manifolds into 4-manifolds by exactly the same procedure as in [24] as 
follows. 

For k with 3 < k < 4, let C K be the free Z -module generated by the C° equivalence 
classes modulo regular fibers of chiral singular fibers of codimension n. Note that 
rank C 3 = 3 and rank C 4 = 14 according to Proposition 6. 1 . Since there exist no chiral 
singular fibers of codimension k ^ 3,4, we put C K = for k / 3, 4. Note that for 
k = 4, we take the C° equivalence classes modulo regular fibers of chiral singular 
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fibers with positive signs as generators, and we consider those with negative signs to be 
— 1 times the corresponding class with positive sign. 

The coboundary homomorphism £3 : C 3 — ► C 4 is defined by 

«(3)=4 

for every generator of C 3 , where [0 : J] G Z is the incidence coefficient which can 
be defined by exactly the same method as for [III 8 : J] (see Section 6). Note that all 
the other coboundary homomorphisms 5 K , k 7^ 3 , are necessarily trivial. 

We call the resulting cochain complex (C K , 5 K ) K the universal complex ofchiral singular 
fibers for proper C°° stable maps of oriented 5 -manifolds into 4-manifolds. Note that 
its unique cohomology group that makes sense is its third cohomology group, and is 
nothing but the kernel of the coboundary homomorphism £3 . 

Then we get the following. 

Proposition 8.1 The 3 -dimensional cohomology group of the universal complex 
of chiral singular fibers for proper C°° stable maps of oriented 5 -manifolds into 

4- manifolds is an infinite cyclic group generated by the C° equivalence class modulo 
regular fibers of III 8 type fibers. 

Proof Recall that we have exactly three C° equivalence classes modulo regular fibers 
of chiral singular fibers of codimension 3 , namely, III 5 , III 7 and III 8 , by Proposition 6. 1 . 
By Lemma 6.3, the incidence coefficients involving III 8 are all zero and hence III 8 is 
a cocycle. On the other hand, for the other two equivalence classes of chiral singular 
fibers, we have, for example, 

[III 5 : IV 11 ] / 0, [III 5 : IV 10 ] = 0, 
[III 7 : IV 11 ] = 0, [III 7 : IV 10 ] / 0. 

Therefore, a linear combination of III 5 , III 7 and III 8 is a cocycle if and only if the 
coefficients of III 5 and III 7 both vanish. Therefore, the kernel of the coboundary 
homomorphism £3 is infinite cyclic and is generated by III 8 . This completes the 
proof. □ 

According to Proposition 8.1, we can interpret our main theorem (Theorem 5.5) as 
follows. The 3 -dimensional cohomology class represented by the cocycle III 8 of 
the universal complex of chiral singular fibers for proper C°° stable maps of oriented 

5 - manifolds into 4-manifolds gives a complete invariant of the oriented cobordism 
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class of the source 4-manifold. In particular, for N = R 3 , it gives a complete invariant 
of the oriented bordism class of a C°° stable map of a closed oriented 4-manifold into 

R 3 . 

For related discussions, see [24]. 

We also see that the fiber which satisfies the property as in Theorem 5.5 should 
necessarily be the fiber of type III 8 . This explains the reason why the III 8 type fiber 
appeared in the modulo two Euler characteristic formula in [24] (see Corollary 5.6 of 
the present paper). 

Remark 8.2 If we can realize the proof of our main theorem as mentioned in 
Remark 7.6 for arbitrary stable maps of closed oriented null-cobordant 4-manifolds 
into 3 -manifolds, then that would imply that III 8 is a cocycle of the universal complex 
(see [24, Section 12.2]). That is, it might be possible to prove that III 8 is a cocycle 
without even classifying the singular fibers. 
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